Abstract. We apply an angular momentum coupling formalism to describe the angular correlation pattern in sequential two-photon double ionization of neon. 
Introduction
Due to availability of extremely intense and tunable radiation from the Free electron LASer at Hamburg (FLASH), strong field multiple ionization of noble gases has become an increasingly active research pursuit. In a stream of recent publications, total integrated cross-sections have been reported for various direct and sequential ionization processes in Ne, Ar and Xe (Wabnitz et al 2005 , Moshammer et al 2007 , Sorokin et al 2007 . Very recently, first differential measurements were performed which resolved photoelectron emission angles (Braune et al 2007) or the recoil ion momentum distribution (Rudenko et al 2008) in two-photon double ionization (TPDI) of Ne.
In the latest development, an intricate angular correlation pattern was reported in TPDI of Ne above the sequential ionization threshold . Theoretical predictions for this pattern were made by Fritzsche et al (2008) who employed a density matrix and statistical tensor formalism. By integrating the angular correlation function over emission angles of one of the photoelectrons, these authors were able to deduce the angular anisotropy parameters β 2 , β 4 which described the photoelectron angular distribution in a non-coincident measurement. An alternative angular momentum coupling formalism was employed earlier by Kheifets (2007) who reported an analogous set of β-parameters for Ne and Ar across a wide photon energy range. Although predictions of two theories were qualitatively similar, they clearly disagreed on numerical values, especially for the β 4 parameter. This parameter emerges solely due to electron correlation and/or angular momentum entanglement.
The two-electron angular correlation pattern detected in the fully coincident (2γ,2e) mode is a much more sensitive probe of electron correlation as compared to a noncoincident β-parameter measurement. Differences in β-parameters predicted by two alternative theories could be magnified when theoretical predictions are made for correlated two-electron angular distribution. In the present work, we analize these differences by comparing the angular correlation functions for the sequential emission of two photoelectrons from Ne at the photon energy of 50 eV. The angular momentum coupling formalism developed by Kheifets (2007) can be readily deployed to evaluate these functions.
The paper is organized as follows. In the next section we give a brief outline of the theory followed by results and discussion. In concluding section, we analyze similarities and differences of the two theoretical approaches. On this basis, we consider possible physical processes and variations in their numerical implementation which could be responsible for different outcomes of the two calculations.
Formalism

Angular momentum coupling
We make use of a closed-shell structure of the target atom and adopt an equivalent two-electron formalism similar to that employed by Krassig et al (1996) . We consider the initial state with two active electrons |l 0 m 0 σ 0 , l 0 m 0σ0 [L 0 M 0 S 0 M S0 ] coupled to a well-defined term. Here the lower case symbols l, m, σ denote the angular momentum, its projection and the spin projection of a one-electron state with the spin s = 1/2. The upper case symbols L, M, S, M S denote the analogous quantum numbers for a twoelectron state. For the moment, we ignore the explicit spin dependence for brevity of notations. Handling of spin variables is described in more detail in Sec. 2.2.
In the two active electron approximation, the TPDI amplitude describing the emission of the two photoelectrons with the linear momenta k 1 , k 2 is given by the following partial wave expansion:
Here the angular part is expressed in terms of the spherical functions Y lm and the 3j-symbols are defined according to Varshalovich et al (1988) . The remaining radial part is expressed via the single-photon reduced matrix elements modulated by the corresponding scattering phase factors:
where
The upper and lower expressions represent the length and velocity gauges of the electromagnetic interaction, respectively. The energy of the photoelectron is related to its linear momentum as E = k 2 /2. The polarization state of the photon is described by its angular momentum projection µ. The linear polarization corresponds to µ = 0. The hat-symbol applied to an angular momentum variable denotesl = √ 2l + 1. It is not to be confused with the unit momentum vectork = k/k.
In Figure 1 we give a diagrammatical representation of the sequential TPDI amplitude (1). In the figure, the solid lines exhibit electrons propagating in time from left to right. The dashed lines represent photons. After absorption of the first photon, the second target electron is rearranged to an ionic state which is symbolically marked as (n 0 l 0 ) + . The continuous electrons E 1 l 1 and E 2 l 2 are explicitly distinguishable. The fast electron is emitted from the neutral atom and hence E 1 = ω − IP , where IP is the first ionization potential. The slow electron is emitted from the singly charged ion and its energy is related to the second ionization potential E 2 = ω − IP + . The exchange diagram in which the two photoelectrons are swapped can be neglected since the photoelectron energies fall far off the energy shell.
By using the graphical angular momentum summation technique outlined in Kheifets (2007) , we can expand the amplitude (1) over a complete set of two-electron continuum states with given quantum numbers LM . For the linearly polarized photons, this expansion takes the following form:
Here the Clebsch-Gordan coefficients and the 9j-symbols are defined according to Varshalovich et al (1988) . Angular momentum coupling is evident in Equation (4). Here the two photons bring in the total angular momentum K = 0, 2 which then couples the initial state L 0 M 0 with the final two-electron state LM . The latter can be described by a bipolar harmonics (Varshalovich et al 1988 )
We note that the parity of the two-electron states entering expansion (4) is (−1)
The fully resolved, with respect to the photoelectrons energy and escape angles, triply-differential cross-section (TDCS) is given by the squared matrix element (1) averaged over the non-resolved angular momentum projection of the initial state:
The proportionality coefficient in this expression depends on the normalization of the continuous orbitals P El in Equation (3) and the gauge of the electromagnetic interaction. Its exact value is not important here since we are interested in the shape of the TDCS rather than its magnitude. The latter depends on the overall normalization factor but the former is resulting from relative contributions of various partial waves in expansion (1).
The sum over M 0 in Equation (6) cannot be reduced to a simple analytical expression. This, however, can be achieved if the statistical average of the TDCS over various L 0 is taken:
After this diagonalization, the terms depending on m 0 and m 0 can be summed independently. Each of these sums contains the quantum numbers of the first and second photoelectrons, respectively. Indeed, inspection of Equations (1) and (2) shows that these quantum numbers are fully separable. Thus, the angular distribution of two photoelectrons given by Equation (7) decouples into the product of two independent angular distributions each of which is given by the squared single-photon ionization amplitude:
The respective one-electron angular distribution is given by the standard formula which for the linearly polarized light takes the form dσ dk
This property of the statistically averaged TDCS (7) can be used as a useful test of numerical computations. It can be also applied as a test of consistency of experimental spectra if all the final states of the doubly charged ion L 0 are resolved and the LScoupling scheme, implicit in the above derivation, is a valid approximation.
In the present study, we use the same numerical computation scheme as was employed in our earlier work (Kheifets 2007) . The one-electron dipole matrix elements (3) for the neutral atom were obtained by running the random phase approximation with exchange (RPAE) computer code (Amusia & Chernysheva 1997 ). This calculation produces results which are identical in the length and velocity gauges of the electromagnetic operator (3). For the singly charged ion with an open np 5 shell, we opted for a less computationally demanding Hartree-Fock method as the available RPA code was not fit for open-shell calculations. In the Hartree-Fock approximation, the length and velocity results diverge. However, by inspecting the β parameter values in a non-coincident mode, we concluded that the velocity gauge was more suitable for this particular calculation. The radial orbitals R nl and R El entering Equation (3) were calculated using the self-consistent and frozen-core Hartree-Fock codes, respectively (Chernysheva et al 1976 , Chernysheva et al 1979 .
It is well known from the studies of single-photon one-electron ionization of closed shell atoms (?) that the gauge
Handling of spin variables
In all our derivations, the spin variables were omitted. This can be safely done in the absence of explicit spin-orbit and/or relativistic effects which may otherwise modify the one-electron radial wave functions entering Equation (3). In this section, we analyze the spin dependence in more detail. On the left panel of Figure 2 , we exhibit a graphical scheme which illustrates the coupling of the orbital momentum and spin of the intermediate singly charged ion state represented in our formalism by the target orbital (n 0 l 0 σ 0 ) + (see Figure 1) . The angular momentum of the target electron and its spin couple to the total momentum and its projection jm j . In the absence of an explicit spin dependence of the radial orbitals, we can perform the summation over these variables:
This summation, when performed coherently, decouples completely the angular momentum and spin variables as illustrated by the middle diagram in Figure 2 . The angular momentum projections summation can be carried over using the graphical technique of Varshalovich et al (1988) . The resulting angular part is exhibited by the top graph on the right panel of Figure 2 which corresponds to Equation (4). Summation over the spin projections
ensures that the the total spin and its projection are conserved during the TPDI process which is illustrated by the straight line on the bottom graph on the right panel of Figure 2 . The spin and orbital momentum variables can be decoupled even without summation over the fine structure components j in the case of the singlet 1 S or 1 D final states. Indeed, summation over the projections σ 0 ,σ 0 , σ + 0 , and m j makes the diagram exhibited on the right panel of Figure 2 proportional to the following expression:
For the singlet states, S = S 0 = 0 and thus X = M X = 0 which leads to the diagonalization m 0 = m + 0 similarly to Equation (10), but without the need for summation over j. Figure 3 where the angular correlation patterns are displayed for the three doubly ionized final states 1 S, 1 D and 3 P (from left to right). The fourth panel on the right exhibits the statistical average calculated according to Equation (7). As in our previous work (Kheifets 2007) , velocity gauge results are used. The darker shades of grey (fire red online) on the 3D density plots indicate the most probable angular emission regions. The vertical axis indicates the angle θ 1 of the fast photoelectron escaping from the neutral Ne atom. The horizontal axis displays the angle θ 2 of the slow photoelectron leaving the singly charged Ne + ion. Both electrons are emitted in the polarization plane of linearly polarized light. The angles are counted from the major axis of the polarization ellipse. The top row of panels corresponds to the present computation whereas the bottom row is generated by the author using the original data set of Fritzsche et al (2008) . In the case of the singlet 1 D and 1 S states, the plots on the bottom row of Figure 3 should be identical to the corresponding plots of Fritzsche et al (2008) exhibited in Figures 8 (d) and (e) of their paper. The only difference is an altered 3D visualization style. In the case of the 3 P J final state, an average of the J = 0, 1 and 2 data of Fritzsche et al (2008) (Figures 8 (a) -(c) of their paper) is plotted. Because of a very close spacing of few hundredths of eV, these fine structure components cannot be presently resolved experimentally. To test separability of the TDCS, on the right panel we also display the statistical average of all the ion final states.
Results and discussion
Results of our computation are shown in
Inspection of Figure 3 indicates that both calculations qualitatively agree. The similarity is most obvious for the 1 D final state. The 1 S angular correlation patterns are also quite similar in both calculations with the most probable emission spots concentrated at the corners of the plot. Another areas of noticeable emission intensity stretch from θ 1 = 90
• , θ 2 = 0 to θ 1 = 180
• , θ 2 = 90 angular points and their mirror image relative to the θ 1 = θ 2 diagonal. The largest and most prominent difference between the two calculations is seen for the 3 P final state. Here the present theoretical model Figure 3 . Angular correlation patterns in sequential TPDI of Ne at photon energy of 50 eV. The plots, from left to right, correspond to the 1 S, 1 D and 3 P ion final states. The top row is the present calculation. The bottom row is generated using the original data set of Fritzsche et al (2008). predicts no emission along the θ 1 = θ 2 diagonal. The density matrix calculation does show some intensity in this angular range which is particularly strong in the corners of the plot at θ 1 = θ 2 = 0
• or θ 1 = θ 2 = 180
• . The absence of intensity in this angular range in the present calculation can be easily understood from Equation (4). Swapping the two photoelectronsk 1 ↔k 2 amounts to permutation of the lower indexes in the Clebsch-Gordan coefficients which posses the following symmetry property (Varshalovich et al 1988) :
This symmetry dictates that for the final two-electron states with an "unnatural" parity (−1)
L the parallel emission θ 1 = θ 2 is always forbidden. An example of such an unnatural parity state is a parallel emission of two photoelectrons in the direction of polarization of light leaving the ion in the 3 P final state. Indeed, both l 1 , l 2 are even as they are formed by dipole transitions from the l 0 = 1 target state. On the contrary, L is odd as it is the result of the axial coupling of K = 0, 2 with L 0 = 1. Angular momentum projections M = M 0 = 0 in the considered case as m 1 = m 2 = 0 since both photoelectrons are emitted along the quantization axis. The absence of the parallel emission in the unnatural parity two-electron continuum is a strict selection rule which always applies as long as the LS coupling scheme, implicit in derivation of Equation (4), holds. This selection rule is catalogued under the number B1 by Maulbetsch & Briggs (1995) . It also forbids the antiparallel emission of two photoelectrons (the top left and bottom right corners of the angular correlation plot).
It is interesting to observe that intensity of the parallel emission is always weak in the present model for the 3 P ion state even though the strict selection rule holds only for θ 1 = θ 2 = 0
• . Non-zero intensity for the parallel emission comes from the off-axial contributions with M 0 = 0. These contributions, however, are small which results in about two orders of magnitude suppression of the parallel emission outside the strict kinematic node at θ 1 = θ 2 = 0
• . The origin of violation of the selection rule in the emission pattern reported by Fritzsche et al (2008) can be traced to their treatment of the intermediate 2 P 1/2, 3/2 ion state. These authors considered a long electromagnetic pulse with a spectral width much smaller than the spin-orbit energy splitting. The latter was also taken to be much larger than the natural width of the intermediate energy levels of the ion. Under these conditions, the fine structure components of the intermediate ion state could be, in principle, resolved experimentally by measuring the energy of the fast photoelectron. Thus, the summation over the quantum number j should be performed incoherently. As was demonstrated in Sec. 2.2, a coherent summation over j is needed to decouple the spin and angular momentum variables to make the LS-coupling scheme hold for the 3 P final ion state. However, this summation is not needed for the singlet ion states. That could possibly explain why the angular correlation patterns are so similar in both calculations for the 1 S and 1 D final ion states but not for the 3 P state. Visibly different 3 P emission patterns in the two calculations result in different statistical average patterns displayed on the two right-most panels in the top and bottom rows. The present calculation produces the fully separable correlation pattern which is the product of two one-electron angular distributions (9) and thus is fully symmetric with respect to reflection relative to the θ 1 = 90
• and θ 2 = 90
• lines. Another indication of the separability of the term averaged TDCS in the coincident (2γ,2e) mode is vanishing of the β 4 coefficient in the photoelectron angular distribution in the non-coincident mode. This property was noted in our earlier work (Kheifets 2007) .
Physically, both calculations take into account similar effects. The angular correlation between the two photoelectrons originates from the polarization of the target. In other words, the two photoelectrons are entangled due to the well defined angular momentum of the final doubly ionized state left behind. An explicit inter-electron interaction in the two-electron continuum is included in neither of the theoretical models. This interaction is fully responsible for the TPDI below the sequential threshold but can be safely ignored above this threshold.
The present calculation is different from that of Fritzsche et al (2008) in several important aspects. Firstly, we take into account the electron correlation in single-photon ionization of the neutral atom by employing the RPAE model. Implicitly, some part of correlation is taken into account in the HF approximation by calculating the continuous electron states in the field of the ionized target. In the density matrix calculation by Fritzsche et al (2008) , the electron correlation in single-photon ionization is taken into account via a multi-configuration Hartree-Fock (MCHF) or Dirac-Fock (MCDF) expansion of the ionic state (Fischer et al 1997) . This static account of correlation is different from the dynamic account within the RPAE method which is explicitly dependent on the energy of the photon. On the other hand, the MCDF calculation includes some relativistic and spin-orbit coupling effects. These effects are noticeable in Figures 4 and 5 of Fritzsche et al (2008) where results of MCHF and MCDF calculations of the asymmetry β-parameters are displayed. Most importantly, the treatment of the fine structure of the intermediate singly charged ion state is different in the two models. While Fritzsche et al (2008) sum these components incoherently, the present model makes a coherent summation.
Conclusion
In the present work we applied an angular momentum coupling formalism to describe the angular correlation pattern in two-photon double ionization of Ne above the sequential threshold. Comparison is made with the data reported earlier for 50 eV photon energy and obtained within the density matrix and statistical tensor formalism by Fritzsche et al (2008) . Although both theories produce the angular correlation patterns which qualitatively agree, important differences can be seen, especially prominent for the parallel emission of two photoelectrons leaving behind the 3 P ion final state. The present theory explicitly forbids such an emission based on the symmetry properties of the two-electron continuum final state (the selection rule B1 of Maulbetsch & Briggs (1995) ). In contrast, the theory of Fritzsche et al (2008) allows such an emission thus demonstrating a manifest breakdown of the angular momentum entanglement of the two electrons in the final state. This breakdown is caused by incoherent summation of the fine structure components of the intermediate singly charged ion state. Such a treatment is based on the assumption that these states can be, in principle, resolved experimentally through a subtle energy difference of the fast photoelectron.
Decoherence through the measurement is a common phenomenon in quantum physics. The most celebrated example of such a phenomenon is the double-slit experiment (Wikipedia 2008) in which detectors are placed in either of the two slits in an attempt to determine which slit the photon passes through on its way to the screen. Placing such a detector will result in the disappearance of the interference pattern. Similarity with sequential TPDI is obvious. When detection of the fast photoelectron precedes the emission of the second electron, the intermediate state of the ion can be resolved and the angular entanglement of the two-electron final state is destroyed thus leading to a possible breakdown of the relevant selection rule. On the contrary, when the emission of the second electron takes place before the first electron is detected, the intermediate state of the ion cannot be experimentally resolved. Hence, the angular entanglement is preserved and the selection rule is upheld.
Thus, predictions of the two alternative theories may actually relate to different experimental conditions. Preliminary results at the photon energy of 44 eV (Rudenko 2008) indicate some finite emission probability in the θ 1 = θ 2 = 0
• and θ 1 = θ 2 = 180
• directions. However, the statistical weight of these angular regions is very insignificant because of the vanishing solid angle factor dk 1 dk 2 ∝ sin θ 1 sin θ 2 in Equation (6). Thus an unambiguous conclusion cannot be drawn yet. Another useful test of the present theory would be construction of the statistical average of the TDCS for all the ion final states and observing the symmetry, or lack of thereof, with respect to θ 1 = 90
• angles. This, however, is not possible for 44 eV photon energy which lies below the 1 S ionization threshold and too close to the 1 D threshold.
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